Abstract. It is often observed that martensitic microstructures in adjacent polycrystal grains are related. For example, micrographs of Arlt [1] (one reproduced in [10, p225]) exhibit propagation of layered structures across grain boundaries in the cubic-to-tetragonal phase transformation in BaTiO 3 . Such observations are related to requirements of compatibility of the deformation at the grain boundary. Using a generalization of the Hadamard jump condition, this is explored in the nonlinear elasticity model of martensitic transformations for the case of a bicrystal with suitably oriented columnar geometry, in which the microstructure in both grains is assumed to involve just two martensitic variants, with a planar or non-planar interface between the grains.
Description of problem
Consider a bicrystal consisting of two columnar grains Ω 1 = ω 1 × (0, d) (grain 1), Ω 2 = ω 2 × (0, d) (grain 2), where d > 0 and ω 1 , ω 2 ⊂ R 2 are bounded Lipschitz domains whose boundaries ∂ω 1 , ∂ω 2 intersect nontrivially, so that ∂ω 1 ∩ ∂ω 2 contains points in the interior ω of ω 1 ∪ ω 2 (see Fig. 1 ). Let Ω = ω × (0, d). The interface between the grains is the set ∂Ω 1 ∩ ∂Ω 2 ∩ Ω = (∂ω 1 ∩ ∂ω 2 ∩ ω) × (0, d). Since by assumption the boundaries ∂ω 1 , ∂ω 2 are locally the graphs of Lipschitz functions, and such functions are differentiable almost everywhere, the interface has at almost every point (with respect to area) a well-defined normal n(θ) = (cos θ, sin θ, 0) in the (x 1 , x 2 ) plane. We say that the interface is planar if it is contained in some plane {x · n = k} for a fixed normal n and constant k. We use the nonlinear elasticity model of martensitic transformations from [6, 8] , with corresponding free-energy density ψ(∇y, θ) for a single crystal at temperature θ and deformation y = y(x) with respect to undistorted austenite at the critical temperature θ c at which the austenite and martensite have the same free energy. We denote by R n×n + the set of real n × n matrices A with det A > 0, and by SO(n) the set of rotations in R n . At a fixed temperature θ < θ c , we suppose that
is the set of A ∈ R 3×3 + minimizing ψ(A, θ), where
This corresponds to a tetragonal to orthorhombic phase transformation (see [10, Table 4 .6]), or to an orthorhombic to monoclinic transformation in which the transformation strain involves stretches of magnitudes η 1 , η 2 with respect to perpendicular directions lying in the plane of two of the orthorhombic axes and making an angle of π/4 with respect to these axes 1 . Alternatively, for example, taking η 3 = η 1 the analysis of this paper can be viewed as applying to a cubic to tetragonal transformation under the a priori assumption that only two variants are involved in the microstructure.
We suppose that Ω 1 has cubic axes in the coordinate directions e 1 , e 2 , e 3 , while in Ω 2 the cubic axes are rotated through an angle α about e 3 . By adding a constant to ψ we may assume that ψ(A, θ) = 0 for A ∈ K. Then a zero-energy microstructure corresponds to a gradient Young measure
where
It is easily shown that KR α = K if and only if α = nπ/2 for some integer n, and that KR α+π/2 = KR α . We thus assume that 0 < α < π 2
, since this covers all nontrivial cases. As remarked in [5] , by a result from [9] there always exists a zero-energy microstructure constructed using laminates, with gradient Young measure ν x = ν satisfying (1.2) that is independent of x and has macroscopic deformation gradientν =
Our aim is to give conditions on the deformation parameters η 1 , η 2 , η 3 , the rotation angle α and the grain geometry which ensure that any zero-energy microstructure has a degree of complexity in each grain, in the sense that it does not correspond to a pure variant with constant deformation gradient in either of the grains. 1 The general form of the transformation stretch for an orthorhombic to monoclinic transformation is given in [8, Theorem 2.10(4)]. In general one can make a linear transformation of variables in the reference configuration which turns the corresponding energy wells into the form (1.1). However, in [4, Section 4.1] and the announcement of the results of the present paper in [5] it was incorrectly implied that the analysis based on K as in (1.1) applies to a general orthorhombic to monoclinic transformation. This is not the case because the linear transformation in the reference configuration changes the deformation gradient corresponding to austenite in [4] and to the rotated grain in the present paper. A more general, but feasible, analysis would be needed to cover the case of general orthorhombic to monoclinic transformations.
2 For an explanation of gradient Young measures and how they can be used to represent possibly infinitely fine microstructures see, for example, [2] .
Rank-one connections between energy wells
We say that the energy wells SO(3)U, SO(3)V are rank-one connected if there exist R, Q ∈ SO(3), a, n ∈ R 3 , |n| = 1 with RU = QV + a ⊗ n, where without loss of generality we can take Q = 1. By the Hadamard jump condition this is equivalent to the existence of a continuous piecewise affine map y whose gradient ∇y takes constant values A ∈ SO(3)U and B ∈ SO(3)V on either side of a plane with normal n. The following is an apparently new version of a well-known result (see, for example, [6, Prop. 4] , [2, Theorem 2.1], [12] ), giving necessary and sufficient conditions for two wells to be rank-one connected. A similar statement was obtained by Mardare [13] .
for unit vectors m, n and some γ = 0. For suitable a 1 , a 2 ∈ R 3 and R 1 , R 2 ∈ SO(3), the rank-one connections between V and SO(3)U are given by
We omit the proof, which is not difficult. The main point of the lemma is that the normals corresponding to the rank-one connections are the vectors appearing in (2.1). An interesting consequence is that if U, V correspond to martensitic variants, so that V = Q T UQ for some Q ∈ SO(3), then, taking the trace in (2.1) shows that the two possible normals are orthogonal (see [2, Theorem 2.1]).
Using Lemma 1 we can calculate the rank-one connections between K and KR α . For example, for the rank-one connections between SO(3) U 1 and SO(3) U 1 R α we find that
where n = (sin(α/2), cos(α/2), 0), m = (cos(α/2), − sin(α/2), 0) so that the two possible normals n = (n 1 , n 2 , 0) satisfy tan α = 2n 1 n 2 /(n 2 2 − n 2 1 ). Swapping η 1 and η 2 we see that the possible normals for rank-one connections between SO(3) U 2 and SO(3) U 2 R α are the same. Similarly, we find that the possible normals for rank-one connections between SO(3)U 1 and SO(3)U 2 R α or between SO(3)U 2 and SO(3)U 1 R α satisfy tan α = (n 2 1 − n 2 2 )/2n 1 n 2 .
Main results
Suppose there exists a gradient Young measure of the form (1.2) such that ν x = δ F for a.e. x ∈ Ω 1 for some F ∈ K, corresponding to a pure variant in grain 1. It follows that the corresponding macroscopic gradient ∇y(
where E qc denotes the quasiconvexification of a compact set E ⊂ R 3×3 , that is the set of possible macroscopic deformation gradients corresponding to microstructures using gradients in E. 
2)
and is equal to the polyconvexification
The proof of (3.2) shows also that the quasiconvexificationK Let x 0 = (x 0 , δ), wherex 0 ∈ ∂ω 1 ∩ ∂ω 2 ∩ ω, 0 < δ < d, be such that the interface has a well-defined normal n = (cos θ, sin θ, 0) = (ñ, 0) at x 0 . By [7] , there exists ε > 0 such that in U := B(x 0 , ε) × (δ − ε, δ + ε), 0 < ε < δ, the map y is a plane strain, that is
for some R ∈ SO(3), z : B(x 0 , ε) → R 2 and γ ∈ R, where B(x 0 , ε) denotes the open ball in R 2 with centrex 0 and radius ε. Without loss of generality we can take R = 1. Then, for x = (x 1 , x 2 ) ∈ B(x 0 , ε) we have
whereR α = cos α − sin α sin α cos α . By a two-dimensional generalization of the Hadamard jump condition proved in [3] this implies that there existsÃ ∈ (KR α ) pc such that
for someã ∈ R 2 . Conversely, if the interface is planar with normal n = (ñ, 0), then the existence ofÃ ∈ (KR α ) pc satisfying (3.6) implies the existence of a gradient Young measure ν = (ν x ) x∈Ω satisfying (3.1). Indeed there then exists a sequence of gradients ∇z (j) generating a gradient Young measure (µx)x ∈ω such that µx =F for a.e.x ∈ ω 1 ,μx =Ã for a.e.x ∈ ω 2 , (3.7)
and then ∇y
It turns out that we can say exactly when it is possible to solve (3.6). Set τ := η 2 /η 1 > 1, s * = (τ 4 − 1)/(τ 4 + 1) and define for 0 ≤ s ≤ 1 the C 1 convex increasing function
Theorem 2. There existF ∈K andÃ ∈K pc R α withF −Ã =ã ⊗ñ forñ = (cos θ, sin θ) and someã ∈ R 2 if and only if
Proof. It is easily checked that the existence ofF ∈ SO(3)Ũ i andÃ is equivalent to the existence of (a, b, c) ∈ P such that |Ũ iñ 
.
The region P 2 is bounded by the two arcs C 1 := {x = y 2 + 4η
, which intersect at the points (x, y) = (η
Note that ψ ± (x, y) have no critical points in the interior of P 2 . In fact it is immediate that ∇ψ + cannot vanish, while ∇ψ − (x, y) = 0 leads to y = x(N Proof. The case of a pure variant in grain 2 and a zero-energy microstructure in grain 1 corresponds to replacing θ by θ + α and α by −α in the above. Hence, since f (s) ≥ s, if the conclusion of the theorem were false, Theorem 2 would imply that | cos 2θ| > f (| cos 2(α + θ)|) ≥ | cos 2(θ + α)| > f (| cos 2θ|) ≥ | cos 2θ|, a contradiction.
Thus to rule out having a pure variant in one grain the interface cannot be planar.
Theorem 4.
There is no zero-energy microstructure which is a pure variant in one of the grains if the interface between the grains has a normal n (1) = (cos θ 1 , sin θ 1 , 0) ∈ E 1 and a normal n (2) = (cos θ 2 , sin θ 2 , 0) ∈ E 2 , for the disjoint open sets
Proof. This follows immediately from Theorem 2 and the preceding discussion.
In the case α = π/4 the sets E 1 , E 2 take a simple form (note that the normals not in E 1 ∪ E 2 correspond to the rank-one connections between the wells found in Section 2). 
Discussion
Compatibility across grain boundaries in polycrystals using a linearized elastic theory is discussed in [11] , [10, Chapter 13] . Whereas we use the nonlinear theory we are restricted to a very special assumed geometry and phase transformation. Nevertheless we are able to determine conditions allowing or excluding a pure variant in one of the grains without any a priori assumption on the microstructure (which could potentially, for example, have a fractal structure near the interface). This was possible using a generalized Hadamard jump condition from [3] . The restriction to a two-dimensional situation is due both to the current unavailability of a suitable three-dimensional generalization of such a jump condition, and because the quasiconvexification of the martensitic energy wells is only known for two wells.
